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ABSTRACT. An essentially nonlinear differential equation with delay serving 
as a mathematical model of several applied problems is considered. Sufficient 
conditions for the global asymptotic stability of a unique equilibrium are de-
rived. An applicat ion to a physiological model by M .C . Mackey is treated in 
detail. 
1. Introduction. This paper concerns the qualitative analysis of a class of scalar 
essentially nonlinear differential delay equations. The equations are given by 
x'(t) = F(x(t- r ))- G(x(t)) (1) 
where F and G are continuous real-valued functions . 
Equations of this type have attracted a. significant interest in recent years due 
to their frequent appearance in a wide range of applications. They serve as math-
ematical models describing various real life phenomena in mathematical biology, 
population dynamics and physiology, electrical circuits and laser optics, economics 
and life sciences, others. See papers[:;, I , X, 10 , II , 1:;, \.-,] and references therein 
for a partial list of applications and further details. 
There is a significant body of theoretical mathematical research on differential 
delay equation ( I) done in the past 20-30 years. They address various aspects of 
the dynamics in such equations including global asymptotic stability of equilib-
ria, existence of periodic solutions, complicated behavior· and chaos, among others. 
However, most of it deals with the case of linear function G, i.e. G(x) = bx, b > 0. 
Papers [ 1 , I , I l, I.~] represent a pru·tial list of related references. 
The principal problem of our interest in this paper is the global asymptotic 
stability of equilibria in equation (I) . We treat the case when both functions F and 
G are nonlinear, which we brand as "essentially nonlinear". For the simpler case of 
linear G there are several papers that deal with the global asymptotic stability, see 
for example [7 , ' ] and further references therein. Several methods and approaches 
have been used to tackle this problem and a good variety of results has been derived. 
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Very little research was done for the case of nonlinear G. However, namely 
equations with the non-linear G have appeared recently in several important ap-
plications. We refer the reader to paper [12] where a model of hematopoietic cell 
replication and control is considered, and to paper [11] for additional models where 
both F and G are nonlinear, as well as to monograph ['-'] for additional applications 
and references. There are only a few publications on the global asymptotic stabil-
ity in such equations; the ones we are aware of are [.i, '-'] . The new mathematical 
results of this paper mainly concern the case of nonlinear G. We address problems 
of global asymptotic stability of unique trivial (zero) or positive equilibrium. We 
further extend and improve some of the above mentioned results in [\ ~'>], including 
the case of non-monotone G. 
The paper consists of three principal parts. The first one concerns necessary pre-
liminaries and general properties of solutions of equation ( I) and the corresponding 
difference equations and one-dimensional maps. In the second part, the main aspect 
under discussion is the global asymptotic stability of a unique positive equilibrium. 
We establish a global asymptotic stability result for such equations which makes use 
of the global attractivity in a limiting one-dimensional map. The limiting map can 
in general be a multi-valued one. This way we extend the known global stabil ity 
results earlier proved in [·\ 7] to this new class of differential delay equations. T he 
third part concerns applications of the mathematical theory of these equations to 
several real life models. One of the applications is a class of physiological popula-
tion models proposed by M.C. Mackey in a series of papers. We prove in particular 
global stability results for the model. Other applications are in economics and 
related fields. 
2. Assumpt ions and Preliminaries. In this subsection we present some basic 
properties and mathematical results on differential delay equation ( 1). The following 
hypotheses on the nonlinearities F and G will be assumed in different combinations 
throughout the paper. 
A. F and G are defined and continuous on the positive semiaxis JR+ = {xix 2:: 0} 
with t heir images in JR+, i.e. F, G E C(JR+, JR+); G(O) = 0 and F(O) 2:: 0. 
B. Hypothesis A is satisfied. In addition, there exist positive numbers m and M 
such that G(x) is increasing in (0, m) U (M, +oo), F(x) > G(x) for x E (0, m) and 
F(:r) < G(x) for x E (M, oo). Moreover limx-->oo G(x) = + oo. 
C. There exists a unique value x = x. > 0 such that F (x.) = G(x.) . All 
assumptions of the hypothesis B are satisfied. 
Equation ( I) can be transformed, via the change of the independent variable 
t = T s, to the form J.LY' (s) = F (y(s -1))-G(y(s)), where J.L = 1/ T and y(s) = x(Ts). 
It is a standard form of singularly perturbed differential delay equations with the 
normalized delay T = 1 [7]. Therefore, we will be considering the differential delay 
equation 
J.Lx' (t ) = F(x(t- 1)) - G(x(t)), 




We shall assume that for every initial function ¢ E C := C([-1, OJ, JR+) there 
exists a unique solution x = x(t, ¢) of equations(:!} defined for all t 2:: 0. We do not 
address in detail this question of global existence of solutions of equation (:2). We 
only note that t he results are multiple and readily available in the literature (see 
e.g. [:2, l] and further references therein) . 
GLOBAL STABILITY IN DELAY EQUATIONS 729 
Under hypothesis C the constant solution x(t) = x. is the only positive equilib-
rium of equation {'2) . When F{O) = 0 equation {2) also admits the trivial equilib-
rium x(t) = 0. The latter will be the case in some actual models from applications 
considered in this paper. 
Note that there is a trivial possibility for the nonlinearities F and G satisfying 
the assumption A that F(O) = G(O) = 0 and the x = 0 is the only equilibrium of 
equation (:..!). The dynamical behavior in equation (2) is rather trivial then, as it 
will be shown later {in particular for some applied models). 
The significance of the general assumptions contained in hypothesis A is seen 
from the following simple statement. 
P roposition 1. (Positive invariance). Suppose that hypothesis A is satisfied and 
let </> E C, /.l > 0 be arbitrary. Then the corresponding solution x = x(t, <I>) of 
equation (.!} satisfies 
x(t) > 0 Vt 2: 0. 
Proof. This is a well known property of equation ( 1) j (1) which is contained in 
various forms in several other papers, in particular in paper [i] for the case of linear 
G(x) = bx, b > 0 (see also[,'-]) . It is easily established by simple reasoning, which we 
provide here for the sake of completeness and subsequent references in the paper. 
Indeed, if on the contrary x(to) = O,x(t) > 0 Vt < t0 , t0 > 0 then there exists a 
sequence {tn} t to such that x'(tn) < 0. Since G{O) = 0, F(x(to- 1)) > 0 and 
/.lX'(tn ) = F(x(tn- 1))- G(x(tn)) one arrives to a contradiction by taking the 
limit in the latter as n --+ oo. As it is seen from the proof any solut ion x(t) with 
arbitrary init ial function <1> E C = C(JR+, JR+) not only cannot become negative but 
also cannot reach the zero level in a finite time. 0 
The limiting case /.l --+ 0+ ( r --+ oo) in equation (?) corresponds to the implicit 
difference equation 
F(x(t- 1))- G(x(t)) = 0, 
which can also be written in the form 
(3) 
Note t hat in the case of monotone G, when the inverse function c- 1 exists, the 
latter can be explicitly resolved for Xn+l 
(4) 
In the case of non-monotone G equation {:l) implicitly defines a multi-valued differ-
ence equation. We shall denote it by 
(5) 
where scalar function <l> is generally multi-valued. In this paper we shall restrict 
our considerations to the case when <l> can assume only a finite number of values. 
This restriction results from the case of G being piecewise monotone in JR+ with a 
finite number of the monotonicity branches. 
As usual, a sequence {xn} will be called a solution of difference equation C1) if 
G(xn+l) = F(xn) Vn E z+. Therefore, the solution { Xn} satisfies all three equations 
(:~). (-i), and ( 1) (if c- 1 exists for the latter). Given Xn, due to the non-monotonicity 
of G, there can be several values of Xn+l which satisfy equation ('!) . They all are 
included in C1) as images of Xn under the multi-valued map <1>. 
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Introduce next several definitions associated with the multi-valued map <l> . For 
related basics of general theory of one-dimensional dynamical systems see e .g. [II] . 
As usual, an interval I is called invariant under <l> if for arbitrary x E I one also 
has <l>(x) ~ I. This means, in particular, that for every x E I any solution y of 
the equation G(y) = F(x) belongs to I. Given equation (:1) and the corresponding 
map <l>, an invariant interval I := [a, b] will be called p-in variant if function G is 
increasing at the endpoints a and b. More precisely, 
Definition 2 .1. A bounded invariant interval I:= [a, b] is called p-invariant if there 
exists 6 > 0 such that G (x) is increasing on the intervals [a, a+ 6] and [b- 6, b] . 
The case when F and G are defined outside the interval I, and function G is 
monotone increasing on an entire neighborhood of either a or b ([a- 6, a+ 6] or 
[b- 6, b + 6] for some 6 > 0), is obviously sufficient for the p-invariance of the 
interval I . A sufficient condition for the p-invariance is the case when G' (a) > 0 
and G'(b) > 0. Note that in the case b = +oo the p-invariance can also be defined 
by assuming that there exists Mo >a such t hat G(x) is increasing in [M0 , oo). 
Definit ion 2.2. A p-invariant interval I = [a, b] will be called attracting if there 
exists its open neighborhood U0 (I) =(a -IJ,b + 17) such that <l> (U0 (I)) C Uu(I) 
and nn~o<l>n(Uu(I)) ~I. 
In the case of monotone increasing G this definition coincides with the corre-
sponding notion of the attracting interval for the map <l> = c -1 oF (see related 
details in [7, J 7] for the case G(x) = x). 
Definition 2.3. An infinite sequence of intervals {In, n E N} imbedded into each 
other, It :::> I2 :::> h :::> .. . , will be called squizzing if the following holds: 
(a) each interval In , n EN is p-invariant; 
(b) they are mapped into each other under <l> 
<I> (In) ~ In+l, Vn E N; 
(c) they have a single point in common 
nn~lin = {x. }. 
Note that one can easily deduce that the point x = x. in the above definition is 
a fixed point of the map <l>. 
3. Principal Results. This section contains main mathematical results on the dy-
namical behavior of solutions of differential delay equation (; )/(l.) . They primarily 
concern the global asymptotic stability of equlibria. 
Assume that map <l> has an invariant interval I C JR+, and int roduce a subset 
C1 := C([-1, 0], I) of initial functions inC which range is within the interval I . The 
following invariance principle holds for solutions of differential delay equation (:2) 
with the initial values in Cr . 
Proposition 2. {lnvariance Property) Let I := [a, b] be a closed bounded p-invariant 
interval of the m1titi-valued m ap <l> . For every initial function ¢ E Cr and ar-
bitrary 1-t > 0 the corresponding solution x = x(t,¢) of equation ( .::) satisfies 
x(t) E I Vt 2:: 0 . 
Proof. The proof is similar to that of Proposition 1. Indeed, assume that¢ E C1 and 
let t0 be the first exit point of the solution x(t) from the interval I. To be definite, 
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suppose that x(to) =band x'(t0 ) > 0. Since the interval I is invariant under <Pone 
has G(b) ~ F(x), Vx E I. G being increasing at x = b implies that there exists a 
neighborhood U0 := (b, b+o) of b such that G(y ) > F (x) for ally E U and all x E I. 
Since t0 is the first exit point there exists a sequence tn .j. t0 such that x(tn) > b 
and x'(tn) > 0. Equation C.n yields J.Lx' (tn) = F(x(tn - 1))- G(x(tn)). By taking 
the limit as n-+ oo in the latter one easily derives a contradiction x' (to) :::; 0. The 
reasoning in t he case of non-generic assumption x'(t0 ) = 0 at the first exit point 
x(t0 ) = b is analogous. The case when x(t0 ) =a is treated similarly and left to the 
reader. D 
This proposition shows that the set C1 is invariant under the action of semiflow 
S 1 defined by the differential delay equation (:.!) . 
In biological applications the notions of persistence, boundedness, and perma-
nence play important roles[~'>] . With respect to equation (:.:?) the pe1·sistence means 
that given the nonlinearities F and G there exists a positive number m = m(F, G) 
such that for every initial function</> E C there exists time t0 =to(</>) such that the 
corresponding solution x = x(t; </>) satisfies x(t) ~ m Vt ~ t 0 . The boundedness 
(uniform) is meant in t he natural way that x(t) :::; M V<f> E C and all t ~ t0 for 
some t0 (¢) . Equation (2) (or a respective biological model behind it) is said to be 
permanent if it is persistent and uniformly bounded. 
The following statement can be found in an equivalent form or deduced from 
other papers (see e.g. [xJ), in particular for the case of linear G(x) = bx, b > 0 
{!\ IJ) . 
Proposition 3. (Permanence) Assume hypothesis B to hold. Then equation ( !)is 
permanent. 
We shall provide a proof that is essentially different from those found elsewhere. 
It is based on the squizzing property of a p-invariant interval based on Definition 
2.:~ . The proof uses the following Lemma, which is also a crucial statement in the 
proof of t he main global stability result (see Theorem :u below) . The Lemma 
represents a significant independent interest on its own. 
Lemma 3.1. Suppose K and L are p -invariant closed bounded intervals such that 
I< ;;;? L and <P(K) ~ L. If none of the endpoints of the interval L is a fixed point 
then for every initial function ¢ E CK there exists time t 1 = t 1 (¢) such that the 
corresponding solution x = x(t,¢) of equation ( !}satisfies x(t) E L Vt ~ t 1. 
Proof. Let the initial function ¢ satisfies ¢ E CK. Then, due to Proposition :! , 
x(t , </>) E K Vt ~ 0. Next we shall show that there exists t 1 = t 1 (¢) ~ 0 such t hat 
x(t,</>) E L Vt ~ t 1 . Two cases are possible: 
(a) . ¢(0) E L. Then x(t, ¢) E L for all t ~ 0. This is proved exactly the same 
way as the invariance property above (Proposition :!). By assuming there exists a 
first exit time of the solution from interval L one arrives at a contradiction. We 
leave the related details to the reader. 
(b). ¢(0) E K \ L. To be definite assume x(O) = ¢(0) E (inf K , inf LJ. We shall 
show now that there exists time t 1 > 0 such that x(t1 , 4>) = inf L. Assume this is 
not true. Then x(t) E (inf K , inf L ) Vt ~ 0. There are two possibilities. 
(bl ). x(t) is monotone and there is a limit x0 := limt-too x(t) . Clearly, in t his 
case limt-too x' (t) = 0 and one arrives at G(x0 ) = F(x0 ) which means that x0 is 
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a fixed point. This contradicts to the assumption that lfi (K ) ~ L and the points 
inf K and inf L are not fixed points. 
(b2). x'(to) = 0 for some t0 > 0. Then, the point x0 := x (to) E [inf K , inf L ) is a 
fixed point. T his as in the case of (b1) leads to a contradiction. 
Thus, there exists a finite t1 > 0 such that x(t1 , ¢) = inf L. Since ¢(t) E K , 
and x(t,¢) E [¢(0), infL] fort;:::: 0 one has that 1/J(t) := x(t + t1,¢) E K Vt E 
[-r,O]. Since Lisp-invariant, 1/J(O) = inf L, and \fi(K) ~ L , one then has that the 
corresponding solution x(t, 1/J) satisfies x(t) E L Vt;:::: 0. Again, this is shown exactly 
the same way as the proof of the invariance property, Proposition 2. We leave the 
details to the reader. The case x(O) E [sup L, sup K ] is completely analogous to t he 
one considered above. T his completes the proof. 
0 
Remark 1. Note that Lemma :}.J extends in the obvious way to the case when one 
of the endpoints of both intervals K and L is a fixed point. This will be a subcase 
of considerations in Section 4. 
To prove the permanence (see Proposition :1 above) we now observe the follow-
ing. Since the assumption B is satisfied, and G is monotone increasing in some 
neighborhood of 0 and infinity, there exist a sufficiently small m > 0 and a suffi-
ciently large M > 0 such that the interval I = [m, M] is p-invariant . Therefore, 
the set Cr is invariant under equation (:2). Given an arbitrary initial function ¢ E C 
one sets l4> := [min¢, max¢] . There exists a p-in variant interval J .2 ]4> such that 
tpm(J) ~ I for some m E N. Then, by repeated application of Lemma :u, the 
corresponding solution x(t) = x(t,¢) satisfies x(t) E I for all sufficiently large t, 
and the permanence follows. 
Note that the assumption G(x) < F(x) for x E (0, m) implies the persistence 
only; while the assumption G(x) > F(x) and G is monotone increasing for x E 
[M, oo) imply the boundedness. 
T heore m 3.2. (Global Asymptotic Stability) Suppose that hypothesis C is satisfied. 
Assume in addition that there exists a squizzing sequence of p-invariant intervals 
{In, n ;:::: 1} containing the unique non-trivial fixed point x. of map 4>. Then the 
constant solution x(t) = x. of differential delay equation (.:) is globally asymptoti-
cally stable for all values of J.L > 0. That is, for every initial function 1/J E C1, and 
arbitrary J.L > 0 the corresponding solution x(t) = x(t, 1/J, f.l) of equation (!) satisfies 
limt--+oo x(t) = x • . 
Proof. It follows by induction from Lemma :1.1 with In := K , In+l := L , n E N. 0 
4. App licatio ns: Blood Cell P roduction M od el of M .C. Mackey. This sec-
tion deals with the population model of M.C. Mackey [1 :!] . An essentially nonlinear 
differential equation with delay of the form ( 1) was proposed in [ J l , 1 :2] as a mathe-
matical model of blood cell production for the case of chronic myelogenous leukemia. 
The equation reads 
dx dt = k /3(x(t- r))x(t- r)- [/3(x(t)) + 8] x(t), (6) 
where the nonlinear function /3 is a monotone Hill function 
1 
{3(x) = /3o 1 + xn (7) 
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and /3o, k = 2e-v, n, o are all positive constants defined by the physiological process 
behind. In this subsection we provide a detailed analysis of model (ii) based on the 
given nonlinearities F and G 
X 
F (x) = kf3o --1 +xn' G (x) =X [f3o-1- + o] 1 +xn (8) 
and values of the parameters /3o, k, n, o. We establish conditions for the global as-
ymptotic stability of the equilibria. Our results are complementary to those recently 
obtained in [1:2] . 
We first make several simple observations about the involved nonlinearities F 
and G. 
For 0 < n :S 1 function F is increasing with limx--.oo F(x ) = oo when n < 1 and 
limx--.oo F (x) = kf3o when n = 1. For n > 1 function F is unimodal with the only 
critical point Xcr = 11 ( V'n - 1) and t he absolute maximum value Fer := F ( Xcr) = 
kf3onl(n- 1). Also, limx--.oo F (x) = 0 when n > 1. 
An easy calculation shows that G(x) is either monotone increasing for all x E 
JR+ or it has two local extreme values XI and x2 such that G(x) in increasing in 
[O,xi] U [x2,oo) and decreasing in [xi,xz]. Funct ion G is monotone increasing in 
JR+ if and only if (30 (n- 1)2 :S 4M. When (30 (n- 1)2 > 4M it has the two local 
extreme points x1 and x2 . The values of XI and x 2 are given by 
1 
_ [ (n- 1)/3o ± J(n- 1)2.85 - 4no,B0 _ ] " 
X2,1 - 20 1 (9) 
We shall also need to refer to t he respective values of function G: G1 = G(xi), Gz = 
G(x2 ) (these expressions are easily found but are somewhat lengthy to write down 
explicitly in terms of the parameters) . 
Later in this subsection we shall be referring to the respective branches of y = 
G(x) (its graph) . The first branch is defined on the interval [0, xi] where G(x) is 
monotone increasing with t he range [0, GI]· G(x) is decreasing on its second branch 
with the domain x E [.-r;I,x2] and the range [G2, GI]. The third branch is defined 
for x E [x2, oo) where it is increasing with the range [G2, oo) . xi is the only local 
maximum and x 2 is the only local minimum of G(x) for x E JR+ . 
Depending on parameter values the proposed model admits one or two steady 
states, x(t) = 0 and x(t) = x., where 
( 
k- 1 ) I/n 
x. = f3o -o- - 1 (10) 
Proposition 4. The nontrivial equilibrium x. exists if and only if k > 1 + o I /3o. 
When k :S 1 + ol/30 equation ( fi) has the trivial equilibrium x(t) := 0 only. 
The equilibrium x. is found from solving the equation F(x ) = G(x), and it 
is given by formula (JO). It is easy to check t hat the condition k :S 1 + oi.Bo is 
equivalent to F'(O) :S G'(O), and therefore, F(x) < G(x) for all x E JR+. 
Next statement describes cases when the unique trivial equilibrium x(t) = 0 is 
globally asymptotically stable. 
Proposition 5. Suppose that k :S 1 + o I (30 holds. The trivial equilibri1~m x ( t) = 0 
is globally asymptotically stable if either one of the following two assumptions is 
satisfied 
(1) Xcr < Xz and F(xcr) < G(xz) ; 
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(2} Xcr 2: X2. 
Proof. The proof is based on application of Theorem :1.:.?. To be definite, consider a 
subcase of the second case, Xcr 2: x2 and F(xcr) > G(x2), which represents a more 
involved situation. Case one and the other subcases of the second case are treated 
similar and are left to the reader. 
One can define x1 := Xcr and ! 1 := [0, Xc1- ] as an initial choice. Since F (xcr) > 
G(x2) there exists exactly one value x2 E [x2, Xcr] such that G(x2) = F(Xcr )· Set 
! 2 := [0, x2]. Then, by construction, <I>( h) = ! 2 and both intervals h and 12 are 
p-invariant. Likewise, there exists x3 E [x2, Xcr] such that x3 < x 2, F(x2) = G(x3), 
and F(x3 ) 2: G(x2) . One sets t hen ! 3 := [0, x3], with <I>(h) = 13 and both intervals 
12 and 13 being p-invariant. One continues this procedure and finds the last point 
xm E [x2,Xc1- ] such that F(xm-1) = G(xm) and F(xm) < G(x2). One still has 
<I>(1m-1) = Im, and both l m-l and 1m are p-invariant. 
For the next intervallm+l one can set lm+l := [0, x2] . Note that this is not the 
only choice for the squizzing sequence of p-invariant intervals, however, a convenient 
one. Since max{F(x),x E [O,xm]} < G(x2) the pre-image of the interval l m+l 
under <I> is entirely defined by the fi rst monotone branch of G. In fact , the map <I> 
itself is given by ill = c-1 oF there. Therefore, one can proceed then by choosing 
1i+1 = <I> - 1(Ji), i 2: m + 1. Since G(x) > F(x) and both F and G are monotone in 
[O,x1] one has that ni~m+di = {0}. 
Therefore, the entire sequence of constructed above intervals hi 2: 1 is a 
squizzing sequence of imbedded intervals. We note now that for any interval I o 
of the form [0, a], a 2: Xcr one has <I>(I0 ) <;;; h. Therefore, for arbitrary initial 
function ¢ E C10 one shows that limHoo x(t, ¢) = 0 by using Theorem :U. T his 
completes the proof of Proposition .-). 0 
Re mark 2 . Note that the remaining subcase not covered by the above Proposi-
tion --J is when Xcr < X2 and F(xc,-) > G(x2). One can still show in this case 
that the corresponding map <I> is globally attracting on JR+ . However, the con-
struction of a squizzing sequence of embedded p-invariant intervals does not look 
possible due to the fact that both functions F and G are decreasing on the interval 
[max{x1, Xcr }, x2] . 
Next statement describes cases when the unique positive equilibrium x(t) = x. is 
globally asymptotically stable. Those cases are based on the existence of a squizzing 
sequence of p-invariant intervals for the corresponding multi-valued map <I>. 
Pro positio n 6. Suppose that k > 1+8/fJo holds. The positive equilibrium x(t) = x. 
is globally asymptotically stable if either one of the following three conditions is 
satisfied: 
(1) F and G ar·e increasing for all x E JR+; 
{2} x . ~ Xcri 
(3) G is increasing for all x E JR+ and x. is globally attracting fixed point of the 
map <I>:= c-1 oF. 
Proof. We briefly describe the main initial steps of the construction of the squizzing 
sequence of embedded p-invariant intervals in each of the cases, leaving remaining 
details to the reader. 
(1). The map <I> is one-to-one and defined by <I> = G-1 o F. With x. > 0 
given by (1 D) the initial interval h can be chosen as 11 := [a, b] where a and b 
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are arbitrary positive numbers such thai 0 < a < x. < b < oo. One then defines 
Ii+l := ~(!;) , i EN. 
(2) . One can choose x1 := min{Xcr.xd and set ! 1 := [m,x1] where m > 0 is 
arbitrary and such that m < x.. Since both F and G are monotone increasing on 
11 , t he map ~ is defined by ~ := c-1 o F . The squizzing sequence of imbedded 
intervals is constructed then by Ii+ 1 := c-1 oF(I;), i EN. By Theorem :l 2 equation 
(ri) is globally asymptotically stable on the set C1,. 
One can further show that equation (li) can be globally asymptotically stable on 
a larger set than C1, , depending on the mutual shape of nonlinearities F and G. 
In particular, when either F(xcr) < G(x2) or Xcr > X2 holds, t here always exists 
a p-invariant interval Io := [0, b] such that ~(Io) ~ h , where b can be chosen such 
that b 2 max{xcr,x2}. This leads to the global asymptotic stability of equat ion (C1) 
on the entire set C. 
(3). Map ~ is well-defined in this case by ~(x) = c-1(F (x)) . One can choose 
h := [m, M] and such that ~(h ) c 11 . Here m > 0 is sufficiently small so that 
both F and G are increasing in [0, m] and max{F(m), G(m)} < min{F(xcr) , G(x2)}; 
M > max{Xcr,xd is sufficiently large so that G(M) > max{G(xi ), F (Xcr)}. One 
defines the sequence of squizzing intervals as before by Ji+ 1 := c-1 o F(I;), i E N. 
Note that in case (3) t he global asymptotic stability of the positive equilibrium 
x(t) = x. also follows from results in papers [·\ 1]. 0 
Concluding Re marks and a n Open Prob lem. This work initiates a study of 
the global asymptotic stability in the essentially nonlinear different ial delay equation 
(l )/ (:2) in terms of its limiting difference equation (:l), or equivalently, - in terms 
of the multi-dimensional map~. The new results extend t hose previously obtained 
in [7] for the case of linear G(x) = x. The price of dealing with the case of general 
nonlinear G(x) is a more strong assumption on the attractive nature of t he fixed 
points 0 and x. of the limit ing map ~ . which is the existence of imbedded sequence of 
p-invariant squizzing intervals. In the prior studied linear case G(x) = x the mere 
global attractivity of the fixed point x. was sufficient for the global asymptotic 
stability of the steady state x(t) = x. of equation ( ! )/ (:~) (for all J.L = 1/ T > 0). 
These considerations motivate the following open problem. 
Ope n Proble m. Investigate whether it is true or not t hat the global attractiv-
ity in the limit ing multi-valued one-dimensional map ~ is sufficient for the global 
asymptotic stability of the unique equilibrium in equation (l)/(:2). Derive sharper 
conditions for the global asymptotic stability than those given by Theorem .l.:2 in 
terms of the existence of the squizzing sequence of embedded p-invariant intervals. 
Acknowledge m ents. This research was supported in part by the Aust ralian Re-
search Council and by the Centre for Informatics and Applied Optimization (CIAO) 
of t he University of Ballarat. This work has begun when A. Ivanov visited t he 
CIAO/ GSITMS during July - December 2009. He is grateful to the University of 
Ballarat for t he hospitality and support extended to him during his stay. The pa-
per was completed in the summer 2010 during h·anov's stay at the University of 
Giessen, Germany, under the support from the Alexander von Humboldt Stiftung. 
REFERENCES 
[1] U. an der Heiden, M. C. Mackey, and H.-0. Walther, Complex oscillations in a simple dete?·-
ministic neuronal network, Mathematical Aspects of Physiology (Proc. Summer Sem., Univ. 
736 A.F. IVANOV AND M.A. MAMMADOV 
Utah, Salt Lake City, Utah, 1980), pp. 355-360. Lectures in Appl. Math., 19, Amer. Math. 
Soc., Providence, R .I ., 1981. 
[2] O.Diekmann, S. van Gils, S.Verdyn Lunel, and H.O.Walther, "Delay Equations: Complex, 
Functional, and Nonlinear Analysis", Springer-Ve rlag, New York, 1995. 
[3] K.P.Hadeler, Delay equations in biology, Springer Lecture Notes in Mathematics, 730 (1979), 
139-156. 
[4] J.K. Hale and S.M. Verduyn Lunel, " Introduction to F\mctional Differential Equations", 
Springer Applied Mathematical Sciences, vol. 99, 1993. 
[5] A. Ivanov, E .Liz, and S. 'Irofimchuk, Global stability of a class of scalar nonlinear delay 
differential equations, Differential Equations and Dynamical Systems, 11 (2003), Nos. 1&2, 
33- 54. 
[6] A.F. Ivanov and M.A. Mammadov, Global stability, periodic solutions and optzmal control in 
a nonlinear differentzal delay model, Electronic Journal of Differential Equations, Conf. 19 
(2010), 177- 188. 
[7] A.F. Ivanov and A.N. Sharkovsky, Oscillations in smgularly perturbed delay equations, Dy-
namics Reported (New Series), Springer Verlag, 1 (1991), 165- 224. 
(~] Y. Kuang, "Delay Differential Equations with Applications in Popula tion Dynamics", Acar 
demic Press Inc., Series: Mathematics in Science and Engineering, 191, 1993. 398 pp. 
[9] E. Liz, M. Pinto, V. Tkachenko, and S. Trofimchuk, A global stability criterwn for a family 
of delayed population models, Quartely of Applied Mathematics, LXIII (2005), no. 1 , 56- 70. 
[HJ] E. Liz and G. Rest, On the global atttractor of delay differential equations with unimodal 
feedback, Discrete and Continuous Dy namocal Systems, 24 (2009) , no. 4, 1215-1224. 
[11] M.C. Mackey, Mathematical models of hematopoietic cell replication and control, ln: "The 
Art of Mathematical Modeling: Case Studies in Ecology, Ohysiology, and BioAuids", H.G. 
Othmer, F.R. Adler, M.A. Lewis, and J .P. Dalton , eds., Prentice-Hall, Upper Saddle River, 
NJ , 1997, pp. 149-178. 
[12] M.C. Mackey, C. Ou, L. Pujo-Menjouct, o.nd J . Vvu , Penodoc oscillations m chronic myel-
ogenous leukemia, SIAM J . Math. Anal. , 38 (2006), no. 1, 166-187. 
[13] R.N. Madan (ed.), "Chua's Circuits: A Paradigm for Chaos" , World Scient ific Series on 
Nonlinear Science, Series B, 1 (1993), 1043 pp. 
[14] J.Mallet-Pa ret and R.D.Nussbaum , A bifurcat1on gap for a singularly perturbed delay equa-
tion, Chaotic Dynamics and Fractals, 2 (1986), 263- 287, ed. by M.Ba rnsley and S.Dem ko, 
Academic P ress, New York). 
[n] J.Mallet-Paret and R.D.Nussbaum, A d~fferential delay equation arising m optics and phys-
iology, SIAM J. Math. Anal., 20 (1989), 249- 292. 
[H·] A.l'\. Sharkovsky, Yu.L. Maistrenko and E.Yu. Romanenko, " Difference Equations and Their 
Perturbations", Kluwer Academic Publishers, Ser. : Mathematics and Its Application, 250 , 
1993. 358 pp. 
[17] A.N. Sharkovsky, S.F. Kolyada, A.G. Sivak and V.V. Fedorenko, "Dynamics of One-
dimensional Maps", Kluwer Academic Publishers, Ser.: Mathematics and Its Application , 
407, 1997, 261 pp. 
[115] H.-0. Walther, An invariant manifold of slowly oscillating solutions for x'(t) = -J.Lx(t) + 
f (x(t- 1)), J. Reine Angew. Math., 414 (1991), 67- 112. 
Received August 2010; revised January 2011. 
E-mail address: afi1~psu.edu 
E-mail address: m .mammadovQballarat. edu. au 
